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QUANTUM TOROIDAL ALGEBRAS AND THEIR
VERTEX REPRESENTATIONS
YOSHIHISA SAITO
Abstract. We construct the vertex representations of the quan-
tum toroidal algebras Uq(sln+1,tor). In the classical case the vertex
representations are not irreducible. However in the quantum case
they are irreducible.
For n=1, we construct a set of finitely many generators of Uq(sl2,tor).
1. Introduction
The classical toroidal algebras have been studied by many authors
[MEY], [S], [Y], etc. Here “classical” means q = 1. The definition
of the quantum toroidal algebras is given in [GKV]. They gave a geo-
metric realization of the quantum toroidal algebras without any results
on their representation theory. Recently Varagnolo and Vasserot [VV]
proved a Schur-type duality between representations of the quantum
toroidal algebras and the double affine Hecke algebra introduced by
Cherednik [C]. This is an analogue of the duality between the quantum
affine algebras and the affine Hecke algebras given by Chari and Pressly
[CP]. In [VV] only the representations of “trivial central charge” was
studied. It is known that there are two subalgebras U (1)q (ŝln+1) and
U (2)q (ŝln+1) of Uq(sln+1,tor) which are isomorphic to Uq(ŝln+1). We say
the Uq(sln+1,tor)-moduleM has the trivial central charge if M has level
0 as both U (1)q (ŝln+1)-module and U
(2)
q (ŝln+1)-module. It is an analogue
of level 0 representations of the affine quantum algebras. In this paper
we say that M has a level (0, 0) instead of the trivial central charge.
The first 0 means that M has a level 0 as a U (1)q (ŝln+1)-module and the
second 0 means that M has a level 0 as a U (2)q (ŝln+1)-module.
In this paper we try to consider an analogue of “integrable represen-
tations” in the toroidal case. Let us recall the integrability of quantum
Kac-Moody modules. Let Uq(g) be a quantum Kac-Moody algebra and
V a Uq(g)-module. We say V is integrable if V has a weight space de-
composition and locally nilpotent actions of the Chevalley generators of
The author is supported by the JSPS Research Fellowships for Young Scientists.
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Uq(g). Therefore the definition of “integrability” needs Chevalley-type
generators. The toroidal algebras is defined through Drinfeld type of
generators and its Chevalley-type generators are not known. Therefore
we are not able to define the integrability at this moment. However, in
the affine case, Frenkel-Jing [FJ] realized the integrable representations
with level 1 by the vertex representations. Thus if there are “vertex
representations” of quantum toroidal algebras, they must be interest-
ing examples of the integrable representations still not defined. In the
q = 1 case, vertex representations of the toroidal algebras have been
already considered by Moody-Eswara Rao-Yokonuma [MEY]. In this
paper for we construct the q-analogue of the representations defined
by them for g = sln+1 with level (1, 0) and (1, 1). Therefore we give a
new class of the representations of the quantum toroidal algebras. In
the q = 1 case, the Fock modules are not irreducible over the Heisen-
berg algebra and the vertex representations are not irreducible over
the toroidal algebra. In the quantum case, it is not the case: the Fock
modules are irreducible and also the vertex representations with level
(1, 0) are irreducible.
The algebra Uq(gtor) has infinitely many generators satisfying infin-
itely many relations (See §2). It is preferable that Uq(gtor) is written
by finitely many generators with finitely many relations. According to
[GKV] there are finitely many generators of Uq(sl2,tor) but the relations
among these generators are highly non-trivial. In this paper we give an
explicit form of finitely many generators of Uq(sl2,tor) and closed rela-
tions of them (See §4). They coincide with the generators by Vasserot
[V].
2. Definition of quantum toroidal algebras
2.1. Notations. Let g be a complex semisimple Lie algebra of type
An and ĝ an affine Kac-Moody Lie algebra of type A
(1)
n . We denote
their Cartan subalgebras by h and ĥ respectively . We denote by
α1, · · · , αn the simple roots of g, by h1, · · · , hn the simple coroots of g,
by Λ1, · · · ,Λn the fundamental weights of g, by α0, · · · , αn the simple
roots of ĝ, by h0, · · · , hn the simple coroots of ĝ and Λ0, · · · ,Λn the
fundamental weights of ĝ. Let Q = ⊕ni=1Zαi be the root lattice of g,
P = ⊕ni=1ZΛi the weight lattice of g, Q = ⊕
n
i=0Zαi the root lattice of ĝ
and P = ⊕ni=0ZΛi ⊕ Zδ the weight lattice of ĝ. Here δ is the null root.
We denote the pairing of h and h∗ (resp. ĥ and ĥ∗) by 〈 , 〉. The
invariant bilinear form on P is given by (αi|αj) = −δij−1 + 2δij − δij+1
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and (δ|δ) = 0. The projection form P to P is given by Λi = Λi − Λ0
and δ = 0.
2.2. We will give the definition of the quantum toroidal algebra Uq(gtor).
Definition 2.2.1. Let M = (mij)0≤i,j≤n be a skew-symmetric (n +
1)× (n+1)-matrix with integral coefficients and let κ be an element of
Q(q)×. Uq(gtor) is an associated algebra over Q(q) with generators :
Ei,k, Fi,k, Hi,l, K
±
i , q
± 1
2
c, q±d1 , q±d2,
for k ∈ Z, l ∈ Z\{0} and i = 0, 1, · · · , n.
We introduce K±i,k as the Fourier components of the following gener-
ating functions:
K+i (z) =
∑
k≥0
K+i,kz
−k = K+i exp((q − q
−1)
∑
k≥1
Hi,kz
−k),
K−i (z) =
∑
k≤0
K−i,kz
−k = K−i exp(−(q − q
−1)
∑
k≥1
Hi,−kz
k).
The defining relations of Uq(gtor) are then written as follows:
q±
1
2
c are central, (2.2.1)
K+i K
−
i = K
−
i K
+
i = 1, (2.2.2)
[K±i , K
±
j ] = 0, (2.2.3)
[K±i , Hj,l] = 0, (2.2.4)
[Hi,k, Hj,l] = δk+l,0
1
k
[k〈hi, αj〉]
qkc − q−kc
q − q−1
κ−kmij ,
(2.2.5)
[q±di, K±j ] = 0, (2.2.6)
qd1Hj,lq
−d1 = qlHj,l, (2.2.7)
[q±d2 , Hj,l] = 0, (2.2.8)
qd1Ej,kq
−d1 = qkEj,k, (2.2.9)
qd1Fj,kq
−d1 = qkFj,k,
qd2Ej,kq
−d2 = qδj0Ej,k, (2.2.10)
qd2Fj,kq
−d2 = q−δj0Fj,k,
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K+i Ej,kK
−
i = q
〈hi,αj〉Ej,k, (2.2.11)
K+i Fj,kK
−
i = q
−〈hi,αj〉Fj,k,
[Hi,k, Ej,l] =
1
k
[k〈hi, αj〉]q
− 1
2
|k|cκ−kmijEj,k+l,
(2.2.12)
[Hi,k, Fj,l] = −
1
k
[k〈hi, αj〉]q
1
2
|k|cκ−kmijFj,k+l,
κmijEi,k+1Ej,l − q
〈hi,αj〉κmijEj,lEi,k+1 = q
〈hi,αj〉Ei,kEj,l+1 − Ej,l+1Ei,k,
(2.2.13)
κmijFi,k+1Fj,l − q
−〈hi,αj〉κmijFj,lFi,k+1 = q
−〈hi,αj〉Fi,kFj,l+1 − Fj,l+1Fi,k,
[Ei,k, Fj,l] = δi,j
1
q − q−1
{q
1
2
(k−l)cK+i,k+l − q
1
2
(l−k)cK−i,k+l},
(2.2.14)
∑
σ∈Sm
m∑
r=0
(−1)r
[
m
r
]
Ei,kσ(1) · · ·Ei,kσ(r)Ej,lEi,kσ(r+1) · · ·Ei,kσ(m) = 0,
(2.2.15)
∑
σ∈Sm
m∑
r=0
(−1)r
[
m
r
]
Fi,kσ(1) · · ·Fi,kσ(r)Fj,lFi,kσ(r+1) · · ·Fi,kσ(m) = 0,
for i 6=
j,
where m = 1− 〈hi, αj〉.
In these relations we denote [k] = q
k−q−k
q−q−1
, [n]! =
∏n
k=1[k],
[
m
r
]
=
[m]!
[r]![m−r]!
.
2.3. Let U
′′
q (gtor) be the subalgebra of Uq(gtor) generated byEi,k, Fi,k, K
±
i , Hi,l,
q±
1
2
c. Let Uφ
′
q (gtor) (resp U
′φ
q (gtor)) be the subalgebra generated by
U
′′
q (gtor) and q
±d1 (resp q±d2). Let U (1)
′
q (ŝln+1) be the subalgebra gener-
ated by Ei,k, Fi,k, K
±
i , Hi,l, q
± 1
2
c (1 ≤ i ≤ n, k ∈ Z, l ∈ Z\{0}) and
U (1)q (ŝln+1) the subalgebra generated by U
(1)′
q (ŝln+1) and q
±d1. Let
U (2)
′
q (ŝln+1) the subalgebra generated by Ei,0, Fi,0, K
±
i (0 ≤ i ≤ n)
and U (2)q (ŝln+1) the subalgebra generated by U
(2)′
q (ŝln+1) and q
±d2 . By
the definition U (2)q (ŝln+1) is isomorphic to Uq(ŝln+1) and U
(2)′
q (ŝln+1) is
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isomorphic to U ′q(ŝln+1).
The following are straight forward.
Lemma 2.3.1. For 1 ≤ i ≤ n let Ei,k = Ei,kκ
∑i
j=1
kmj−1j , Fi,k =
Fi,kκ
∑i
j=1
kmj−1j , Hi,l = Hi,lκ
∑i
j=1
lmj−1j . Then the relations between
Ei,k, Fi,k, Hi,l and K
±
i are precisely the relations of Drinfeld genera-
tors of Uq(ŝln+1). That is, U
(1)
q (ŝln+1) is isomorphic to Uq(ŝln+1) and
U (1)
′
q (ŝln+1) is isomorphic to U
′
q(ŝln+1).
Lemma 2.3.2. Let K±δ =
∏n
i=0K
±
i . Then K
±
δ are the central elements
of Uq(gtor).
Note that q±c is the central elements of U (1)q (ŝln+1) and K
±
δ the
central elements of U (2)q (ŝln+1).
3. Vertex representations
3.1. Heisenberg algebras. In this section we shall give the vertex
representations of Uq(gtor). We assume c = 1.
Consider a Q(q)-algebra Sn generated by Hi,l (0 ≤ i ≤ n, l ∈ Z\{0})
satisfying:
[Hi,k, Hj,l] = δk+l,0
1
k
[k〈hi, αj〉]
qk − q−k
q − q−1
κ−kmij .
(3.1.1)
We call Sn the Heisenberg algebra.
Let S+n (resp. S
−
n ) be the subalgebra of Sn generated by Hi,l (0 ≤
i ≤ n, l > 0) (resp. 0 ≤ i ≤ n, l < 0).
We introduce the Fock space
Fn = Snv0
with the defining relations:
Hi,lv0 = 0, for l > 0, (3.1.2)
q
1
2
cv0 = q
1
2 v0. (3.1.3)
Note that Fn is a free S
−
n -module of rank 1.
Let F be a field of characteristic zero and let a be an associative
F-algebra generated by xp, yp (p ∈ Z>0), z and its inverse z
−1 with the
following relations:
[xp, z] = [yp, z] = 0,
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[xp, xr] = [yp, yr] = 0,
[xp, yr] = δprz.
Let a+ (resp. a−) be the subalgebra of a generated by xp (resp. yp).
We set b = a+ ⊗ F[z, z−1]. This is a maximal abelian subalgebra of a.
Fix a nonzero scalar λ ∈ F×. Let Fλ be the one-dimensional space F
viewed as a b-module by:
z · 1 = λ, a+ · 1 = 0.
Let F (λ) be the induced a-module
F (λ) = IndabFλ = a⊗b Fλ.
By the defining relations of a we obtain an F-linear isomorphism
F (λ) ∼= a−.
Since a− is abelian we may regard it as the algebra of polynomials in
the variables y1, y2, · · · . Then we see that z acts on a
− ∼= F[y1, y2, · · · ]
by the multiplication of λ, xp acts by λ
∂
∂yp
. By this realization we
immediately have the following lemma.
Lemma 3.1.1. F (λ) is an irreducible a-module.
Fix an skew-symmetric (n+1)× (n+1)-matrix with integral coeffi-
cients M = (mij)0≤i,j≤n. We say that κ ∈ Q(q) is generic with respect
to M if for any k ∈ Z>0 the matrix ([k〈hi, αj〉]κ
−kmij ) is invertible.
Note that if n = 1 any κ is not generic with respect to any M .
Since the matrix ([k〈hi, αj〉])0≤i,j≤n is invertible for n > 1, there exists
a generic κ for n > 1.
Lemma 3.1.2. (1) For a fixed M , we assume that κ ∈ Q(q) is generic
with respect to M (in particular n > 1). Then Fn is an irreducible
Sn-module.
(2) F1 is not irreducible.
Proof. (1) Set G(k) = (g(k)ij) = ([k〈hi, αj〉]κ
−kmij). Since κ is generic
with respect to M there exists its inverse G(k)−1 = (g(k)ij) for any k.
Note that by the definition
∑
0≤s≤n g(k)
isg(k)sj = δij .
We set
H˜i,k =

∑
0≤s≤n
k
[k]
g(k)isHs,k, for k > 0,
Hi,k, for k < 0.
Then we have
[H˜i,k, H˜j,l] = [H˜i,−k, H˜j,−l] = 0,
[H˜i,k, H˜j,−l] = δk,lδij ,
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for k, l > 0. Since all G(k) are regular, H˜i,k (0 ≤ i ≤ n, k > 0) gener-
ate S+n .
We shall use Lemma 3.1.1. Put F = Q(q), a = Sn, a
± = S±n , λ = 1,
xp = H˜i,k (k > 0), yr = H˜j,l (l < 0) where p = (k − 1)(n + 1) + i + 1
and r = (−l − 1)(n+ 1) + j + 1.
Then it is clear that F (1) = Fn. By Lemma 3.1.1 we conclude that
Fn is an irreducible Sn-module.
(2) It is easy to see that κ−km01H0,−k + H1,−k is a central element
of S1 for each k ∈ Z>0. Therefore F1 has infinitely many singular
vectors.
3.2. Construction of level (1,0) modules. We assume n > 1 and
M is an (n + 1)× (n + 1)-matrix defined as follows;
M =

0 −a 0 . . . 0 a
a 0 −a . . . 0 0
0 a 0 . . . 0 0
...
...
...
. . .
...
...
0 0 0 . . . 0 −a
−a 0 0 . . . a 0

here a ∈ Z.
Note that one can rewrite P = ⊕ni=2Zαi ⊕ ZΛn. We introduce a
twisted version of the group algebra Q(q)[P ] by Z/2Z. We denote
it by Q(q){P}. This is the Q(q)-algebra generated by symbols eα2 ,
eα3 , · · · , eαn , eΛn which satisfy the following relations:
eαieαj = (−1)〈hi,αj〉eαjeαi (3.2.1)
eαieΛn = (−1)δineΛneαi . (3.2.2)
For α =
∑n
i=2miαi+mn+1Λn we denote e
α = (eα2)m2(eα3)m3 · · · (eαn)mn(eΛn)mn+1 .
For example eα1 = e−2α2e−3α3 · · · e−nαne(n+1)Λn , eΛi = e−αi+1e−2αi+2 · · · e−(n−i)αne(n−i+1)Λn
where Λi is the i-th fundamental weight. We denote α0 = −
∑n
i=1 αi
and h0 = −
∑n
i=1 hi.
Note that 〈hi, αj〉 = 〈hi, αj〉 for 0 ≤ i, j ≤ n.
We denote by Q(q){Q} the subalgebra of Q(q){P} generated by eαi
(1 ≤ i ≤ n).
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Set
W (p)n = Fn ⊗Q(q){Q}e
Λp for 0 ≤ p ≤ n.
We define the operators Hi,l, e
α (α ∈ Q), ∂αi, z
Hi,0 , d on W (p)n for
i = 0, 1, · · · , n as follows:
for v ⊗ eβ = Hi1,−k1 · · ·HiN ,−kNv0 ⊗ e
∑n
j=1
mjαj+Λp ∈ W (p)n,
Hi,l(v ⊗ e
β) = (Hi,lv)⊗ e
β,
eα(v ⊗ eβ) = v ⊗ eαeβ ,
∂αi(v ⊗ e
β) = 〈hi, β〉v ⊗ e
β ,
zHi,0(v ⊗ eβ) = z〈hi,β〉κ
1
2
∑n
j=1
〈hi,mjαj〉mijv ⊗ eβ,
d(v ⊗ eβ) = (−
N∑
s=1
ks −
(β|β)
2
+
(Λp|Λp)
2
)v ⊗ eβ.
We have the following lemma.
Lemma 3.2.1. As operators on W (p)n,
eαieαj = (−1)〈hi,αj〉eαjeαi,
eαiq
∂αj = q〈hi,αj〉q
∂αj eαi,
eαiz
∂αj = z〈hi,αj〉z
∂αj eαi
for 0 ≤ i, j ≤ n.
We introduce the following generating functions:
Ei(z) =
∑
k∈Z
Ei,kz
−k,
Fi(z) =
∑
k∈Z
Fi,kz
−k.
Proposition 3.2.2. Assume c = 1 and n > 1. Then for each p and
κ, the following action gives a Uφ
′
q (gtor)-module structure on W (p)n:
q
1
2
c 7→ q
1
2 ,
qd1 7→ qd,
Ei(z) 7→ exp(
∑
k≥1
Hi,−k
[k]
(q−1/2z)k) exp(
∑
k≥1
−
Hi,k
[k]
(q1/2z)−k)eαizHi,0+1,
Fi(z) 7→ exp(
∑
k≥1
−
Hi,−k
[k]
(q1/2z)k) exp(
∑
k≥1
Hi,k
[k]
(q−1/2z)−k)e−αiz−Hi,0+1,
K+i (z) 7→ exp((q − q
−1)
∑
k≥1
Hi,kz
−k)q∂αi ,
K−i (z) 7→ exp(−(q − q
−1)
∑
k≥1
Hi,−kz
k)q−∂αi
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for 0 ≤ i ≤ n.
The proof will be given in Appendix.
We have immediately the following lemma.
Lemma 3.2.3. The Uφ
′
q (gtor)-moduleW (p)n is cyclic: W (p)n = U
φ′
q (gtor)(v0⊗
eΛp).
Theorem 3.2.4. If n > 1 and κ is generic then W (p)n is irreducible
for any p.
Proof. Since Fn is irreducible with respect to the action of Sn, it is
enough to show that for any non-zero v = v0 ⊗
∑
α∈Q aαe
αeΛi (aα ∈
Q(q)) there exists X ∈ Uφ
′
q (gtor) such that Xv = v0 ⊗ e
Λp. Let Sn be
the subalgebra of Sn generated by Hi,l (1 ≤ i ≤ n, l ∈ Z\{0}) and
q
1
2
c. Let Fn be the Sn-submodule of Fn generated by v0 ⊗ e
Λi, and let
W (p)n = Fn⊗Q(q){Q}e
Λp. As already known W (p)n is an irreducible
U (1)q (ŝln+1)-module. It is obvious that v ∈ W (p)n. Therefore there
exists X ∈ U (1)q (ŝln+1) ⊂ U
φ′
q (gtor) such that Xv = v0 ⊗ e
Λp.
Remark 3.2.5. Since U (1)q (ŝln+1) and U
(2)′
q (ŝln+1) are subalgebras of
Uφ
′
q (gtor) we can regardW (p)n as a U
(1)
q (ŝln+1)-module or as a U
(2)′
q (ŝln+1)-
module. As a U (1)q (ŝln+1)-module, W (p)n is a level 1 module. On the
other hand it is a level 0 module as a U (2)
′
q (ŝln+1)-module.
3.3. On the structure of level (1,0) modules. In this subsection
we will study the U (1)q (ŝln+1)-module structure of W (p)n.
Let M be a U (1)q (ŝln+1)-module. We denote the character of M by
chM .
Let L(Λp) be the irreducible highest weight Uq(ŝln+1)-module with
highest weight Λp. Note that the following identity holds:
chL(Λp) =
eΛp
∑
α∈Q e
α−( 1
2
(α|α)−(α|Λp))δ
ϕ(e−δ)n
. (3.3.1)
Here ϕ(x) =
∏
k>0(1− x
k).
We denote δ1 by the null root of U
(1)
q (ŝln+1).
By the definition of W (p)n and (3.3.1) it is immediate to see the
following proposition.
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Proposition 3.3.1.
chW (p)n =
eΛp
∑
α∈Q e
α−( 1
2
(α|α)−(α|Λp))δ1
ϕ(e−δ)n
=
chL(Λp)
ϕ(e−δ1)
.
Lemma 3.3.2. For each l ∈ Z\{0} there exist Ĥl =
∑n
i=0 ai,lHi,l
(ai,l ∈ Q(q)) such that
[Ĥl, Hj,k] = 0
for any 1 ≤ j ≤ n and k ∈ Z\{0}. Moreover such Ĥl is unique up to
scalar.
Proof. Note that κ = 1. The rank of n×(n+1)-matrix ([l〈hi, αj〉])1≤i≤n,0≤j≤n
is equal to n. The lemma follows form this fact immediately.
By the definition of Ĥl we have
[Ĥk, Ĥl] = δk+l,0γk, (3.3.2)
where γk ∈ Q(q). We fix a normalization of Ĥl by putting γk = 1 for
all k.
Let Ŝn be the subalgebra of Sn generated by Ĥl. By the definition,
Ŝn acts on W (p)n.
The following two lemmas are easy to see.
Lemma 3.3.3. For l > 0, Ĥl(v0 ⊗ e
β) = 0.
Lemma 3.3.4. The action of U (1)
′
q (ŝln+1) on W (p)n commutes with
the action of Ŝn.
Let Ŝ−n be the subalgebra of Ŝn generated by Ĥl (l < 0).
Proposition 3.3.5. As U (1)q (ŝln+1)-module
W (p)n ∼= L(Λp)
⊕∞.
Proof. Set deg(Ĥk) = k. Let Mk = Mk(Ĥ−1, Ĥ−2, · · · ) be a monomial
of degree k in variables Ĥ−1, Ĥ−2, · · · . Then by the above two lemmas,
Mkv0⊗ e
Λp is a singular vector of U (1)q (ŝln+1)-module W (p)n. Let WMk
be the U (1)q (ŝln+1)-submodule which is generated by Mkv0⊗ e
Λp. Then
by the definition of the action of U (1)q (ŝln+1) on W (p)n, we have
WMk
∼= L(Λp − kδ) ∼= L(Λp).
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The vectors {Mkv0 ⊗ e
Λp} are linearly independent. The number
of the monomials of degree k is equal to the k-th partition number
p(k). Therefore there is a U (1)q (ŝln+1)-submodule W of W (p)n which is
isomorphic to ⊕k≥0L(Λp − kδ)
⊕p(k). By Proposition 3.3.1 it coincides
with W (p)n. This completes proof.
By Lemma 3.3.4 and the proof of Proposition 3.3.5, the following
corollary follows immediately.
Corollary 3.3.6. As U (1)
′
q (ŝln+1)⊗ Ŝn-module W (p)n is isomorphic to
L(Λp)⊗ Ŝ
−
n .
3.4. Construction of level (1,1) modules. We introduce a twisted
version of the group algebra Q(q)[Q] by Z\2Z. We denoted it by
Q(q){Q}. This is theQ(q)-algebra generated by symbols eα0 ,eα1 , · · · , eαn
which satisfy the following relations:
eαieαj = (−1)〈hi,αj〉eαjeαi . (3.4.1)
Similarly to §3.2, we denote eα = (eα0)m0(eα1)m1 · · · (eαn)mn for α =∑n
i=0miαi ∈ Q.
Let
V (p)n = Fn ⊗Q(q){Q}e
Λp.
Here we regard eΛp only a symbol indexed by p.
We define the operators Hi,l (0 ≤ i ≤ n, l 6= 0), e
α (α ∈ Q), ∂αi and
zHi,0 (0 ≤ i ≤ n) on V (p)n as follows:
for v⊗eβeΛp = Hi1,−k1 · · ·HiN ,−kNv0⊗e
βeΛp ∈ V (p)n (β =
∑n
k=0mkαk ∈
Q),
Hi,l(v ⊗ e
βeΛp) = (Hi,lv)⊗ e
βeΛp ,
eα(v ⊗ eβeΛp) = v ⊗ (eαeβ)eΛp,
∂αi(v ⊗ e
βeΛp) = 〈hi, β + Λp〉v ⊗ e
βeΛp ,
zHi,0(v ⊗ eβeΛp) = z〈hi,β+Λp〉κ
1
2
∑n
k=0
〈hi,mkαk〉mikv ⊗ eβeΛp.
d1(v ⊗ e
βeΛp) = (−
N∑
s=1
ks −
(β|β)
2
− (β|Λp))v ⊗ e
βeΛp ,
d2(v ⊗ e
βeΛp) = m0(v ⊗ e
βeΛp).
The following lemma is easy.
Lemma 3.4.1. As operators on V (p)n,
eαieαj = (−1)〈hi,αj〉eαjeαi
q∂αieαj = q〈hi,αj〉eαjq∂αi
zHi,0eαj = z〈hi,αj〉κ
1
2
〈hi,αj〉mijeαjzHi,0 .
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Proposition 3.4.2. Assume c = 1 and n > 1. Then for each p, the
following action gives a Uq(gtor)-module structure on V (p)n:
q
1
2
c 7→ q
1
2 ,
qd1 7→ qd1
qd2 7→ qd2
Ei(z) 7→ exp(
∑
k≥1
Hi,−k
[k]
(q−1/2z)k) exp(
∑
k≥1
−
Hi,k
[k]
(q1/2z)−k)eαizHi,0+1,
Fi(z) 7→ exp(
∑
k≥1
−
Hi,−k
[k]
(q1/2z)k) exp(
∑
k≥1
Hi,k
[k]
(q−1/2z)−k)e−αiz−Hi,0+1,
K+i (z) 7→ exp((q − q
−1)
∑
k≥1
Hi,kz
−k)q∂αi ,
K−i (z) 7→ exp(−(q − q
−1)
∑
k≥1
Hi,−kz
k)q−∂αi
for 0 ≤ i ≤ n.
The proof will be given in Appendix.
It is easy to see the following lemma.
Lemma 3.4.3. V (p)n is a cyclic Uq(gtor)-module: V (p)n = Uq(gtor)(v0⊗
eΛp).
Lemma 3.4.4. V (p)n has level 1 as a U
(1)
q (ŝln+1)-module and as a
U (2)q (ŝln+1)-module.
Proof. It is clear that V (p)n is a level 1 U
(1)
q (ŝln+1)-module. The center
of U (2)q (ŝln+1) is
∏n
k=0Ki. By the definition it acts as the scalar q on
V (p)n.
4. On Uq(sl2,tor)
4.1. In this section we assume that g = sl2. We shall try to find
finitely many generators of Uq(sl2,tor).
Let
Ei = Ei,0, Fi = Fi,0, q
±hi = K±i , for i = 0, 1,
E−1 = F0,1K
−
0 , F−1 = K
+
0 E0,−1, q
±h−1 = q±cK∓0 .
Proposition 4.1.1. Uq(sl2,tor) is generated by Ei, Fi, q
±hi (i = −1, 0, 1),
q±
1
2
c, q±d1, q±d2.
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Proof. Let A be the subalgebra of Uq(sl2,tor) generated by Ei, Fi, q
±hi
(i = −1, 0, 1), q±
1
2
c, q±d1 , q±d2 . By the definition we have E0,−1 =
q−h0F−1 and F0,1 = E−1q
h0. Since
[E0,0, F0,1] =
1
q − q−1
q−
1
2
cK+0,1
= q−
1
2
cqh0H0,1
and
[E0,−1, F0,0] = −
1
q − q−1
q
1
2
cK−0,−1
= q
1
2
cq−h0H0,−1.
we deduce H0,1 and H0,−1 ∈ A. We recall (2.2.7)
[Hi,k, Ej,l] =
1
k
[k〈hi, αj〉]q
− 1
2
|k|cκ−kmijEj,k+l,
[Hi,k, Fj,l] = −
1
k
[k〈hi, αj〉]q
1
2
|k|cκ−kmijFj,k+l.
By these formulas we have Ei,k, Fi,k ∈ A for i = 0, 1, k ∈ Z inductively.
On the other hand we know
[E0,1, F0,1] =
1
q − q−1
q−
1
2
cK+0,2
=
1
2
(q − q−1)H20,1 +H0,2.
Therefore we get H0,2 ∈ A. Similarly we have Hi,l ∈ A for any i, l.
This completes the proof.
Lemma 4.1.2. The following relations hold in Uq(sl2,tor):
[q±hi, q±hj ] = 0, (4.1.1)
[q±di, q±hj ] = 0, (4.1.2)
qd1Ejq
−d1 = qδj,−1Ej , (4.1.3)
qd1Fjq
−d1 = q−δj,−1Fj ,
qd2Ejq
−d2 = q−1+δj,1Ej , (4.1.4)
qd2Fjq
−d2 = q1−δj,1Fj ,
qhiEjq
−hi = qaijEj , (4.1.5)
qhiFjq
−hi = q−aijFj,
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where
(aij)−1≤i,j≤1 =
 2 −2 2−2 2 −2
2 −2 2
 ,
[Ei, Fj] = δij
qhi − q−hi
q − q−1
, for |i− j| ≤ 1, (4.1.6)
E3−1F1 − q
−2[3]E2−1F1E−1 + q
−4[3]E−1F1E
2
−1 − q
−6F1E
3
−1 = 0,
(4.1.7)
E31F−1 − q
2[3]E21F−1E1 + q
4[3]E1F−1E
2
1 − q
6F−1E
3
1 = 0,
(4.1.8)
F 3−1E1 − q
−2[3]F 2−1E1F−1 + q
−4[3]F−1E1F
2
−1 − q
−6E1F
3
−1 = 0,
(4.1.9)
F 31E−1 − q
2[3]F 21E−1F1 + q
4[3]F1E−1F
2
1 − q
6E−1F
3
1 = 0,
(4.1.10)
E3iEj − [3]E
2
iEjEi + [3]EiEjE
2
i − EjE
3
i = 0, for |i− j| = 1,
(4.1.11)
F 3i Fj − [3]F
2
i FjFi + [3]FiFjF
2
i − FjF
3
i = 0, for |i− j| = 1,
(4.1.12)
E−1E1 − q
2E1E−1 = 0, (4.1.13)
F−1F1 − q
2F1F−1 = 0. (4.1.14)
Proof. By the definition of Uq(gtor) and Ei, Fi and q
hi it is easy to
check these relations.
Let U be an associative algebra over Q(q) generated by Ei, Fi, q
±hi
(i = −1, 0, 1), q±
1
2
c, q±d1 , q±d2 with relations (4.1.1)-(4.1.14). Then we
have,
Corollary 4.1.3. There is a canonical surjective algebra homomor-
phism Ψ : U → Uq(sl2,tor).
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Remark 4.1.4. Ψ has a highly nontrivial kernel. It is important to
decide it. For example the following formulas holds in Uq(sl2,tor):
κm01E0,0E1,−1 − q
−2κm01E1,−1E0,0 = q
−2E0,−1E1,0 − E1,0E0,−1,
E0,−1 = q
−h0F−1
and
E1,−1 =
κ−m01
[−2]
[F−1F0 − q
−2F0F−1, E1].
Therefore we have
X =
1
[−2]
E0[F−1F0 − q
−2F0F−1, E1]−
q−2
[−2]
[F−1F0 − q
−2F0F−1, E1]E0
− q−2q−h0F−1E1 −E1q
−h0F−1
= 0
in Uq(sl2,tor). Thus X ∈ KerΨ. But, as an element of U , X is not equal
to 0.
4.2. Let
E0∗ = F1,1K
−
1 , F0∗ = K
+
1 E1,−1, q
±h0∗ = q±cK∓1 .
Proposition 4.2.1. The subalgebra generated by Ei, Fi and q
hi for
i = 0, 1, E0∗ , F0∗ , q
±h0∗ , q±c, q±d1, q±d2 is equal to Uq(sl2,tor). That
is, they are generators of Uq(sl2,tor). Moreover these generators satisfy
relations similar to the ones in Lemma 4.1.2.
Proof. This proposition is proved in the same way as Proposition 4.1.1
and Lemma 4.1.2.
We have immediately the following lemma.
Lemma 4.2.2. Let U (1)q (ŝl2) be the subalgebras generated by Ei, Fi, q
hi
for i = 1, 0∗ and q±(d1+d2), U (2)q (ŝl2) the subalgebras generated by Ei,
Fi, q
hi for i = 0, 1 and q±(d1+d2), U (3)q (ŝl2) the subalgebras generated by
Ei, Fi, q
±hi for i = 0∗,−1 and q±(d1+d2), and U (4)q (ŝl2) the subalgebras
generated by Ei, Fi, q
±hi for i = 0,−1 and q±(d1+d2). Then U (i)q (i =
1, 2, 3, 4) are isomorphic to Uq(ŝl2).
Those four algebras are schematically visualized by Fig. 1.
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−1
1
0∗
U (1)q
U (3)q
U (4)q
0
U (2)q
Fig. 1.
Let Uq(sl2)(i) (i = −1, 0, 1, 0
∗) be the sub algebra of Uq(sl2,tor) generated
by Ei, Fi, q
±hi. All Uq(sl2,(i)) (i ∈ {−1, 0, 1, 0
∗}) are isomorphic to
Uq(sl2). The upper left circle in Fig. 1 means Uq(sl2)(0), the upper
right one means Uq(sl2)(1), the lower left one means Uq(sl2)(−1) and the
lower right one means Uq(sl2)(0∗). The diagram
◦i ⇐⇒ ◦j (i, j ∈ {−1, 0, 1, 0∗})
means the algebra generated by Uq(sl2)(i) and Uq(sl2)(j) is isomorphic
to Uq(ŝl2). For example ◦
0 ⇐⇒ ◦1 means the algebra generated by
Uq(sl2)(0) and Uq(sl2)(1) which we call U
(2)
q (ŝl2) is isomorphic to Uq(ŝl2).
The meaning of the diagram
◦i ==⇒ ◦j
is as follows: In the algebra generated by Uq(sl2)(i) and Uq(sl2)(j), the
following relations hold
qhiEjq
−hi = q2Ej , q
hjEiq
−hj = q2Ei, (4.2.1)
qhiFjq
−hi = q−2Fj, q
hjFiq
−hj = q−2Fi, (4.2.2)
E3i Fj − q
−2[3]E2i FjEi + q
−4[3]EiFjE
2
i − q
−6FjE
3
i = 0,
(4.2.3)
E3jFi − q
2[3]E2jFiEj + q
4[3]EjFiE
2
j − q
6FiE
3
j = 0,
F 3i Ej − q
−2[3]F 2i EjFi + q
−4[3]FiEjF
2
i − q
−6EjF
3
i = 0,
(4.2.4)
F 3j Ei − q
2[3]F 2j EiFj + q
4[3]FjEiF
2
j − q
6EiF
3
j = 0,
EiEj − q
2EjEi = 0, (4.2.5)
FiFj − q
2FjFi = 0. (4.2.6)
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Appendix A.
A.1. Proof of Proposition 3.2.2 and 3.4.2. For the proof we rewrite
the defining relation of Uq(gtor) generating function level.
q±
1
2
c are central, (A.1.1)
K+i K
−
i = K
−
i K
+
i = 1, (A.1.2)
K±i (z)K
±
j (w) = K
±
j (w)K
±
i (z) (A.1.3)
θ−〈hi,αj〉(q
−cκmij
z
w
)K−i (z)K
+
j (w) = θ−〈hi,αj〉(q
cκmij
z
w
)K+j (w)K
−
i (z)
(A.1.4)
qd1K±j (z)q
−d1 = K±j (q
−1z), (A.1.5)
[qd2 , K±j (z)] = 0, (A.1.6)
qd1Ej(z)q
−d1 = Ej(q
−1z), (A.1.7)
qd1Fj(z)q
−d1 = Fj(q
−1z),
qd2Ej(z)q
−d2 = qδj0Ej(z), (A.1.8)
qd2Fj(z)q
−d2 = q−δj0Fj(z),
K+i (z)Ej(w) = θ−〈hi,αj〉(q
− 1
2
cκ−mij
w
z
)Ej(w)K
+
i (z)
(A.1.9)
K−i (z)Ej(w) = θ〈hi,αj〉(q
− 1
2
cκmij
z
w
)Ej(w)K
−
i (z)
K+i (z)Fj(w) = θ〈hi,αj〉(q
1
2
cκ−mij
w
z
)Fj(w)K
+
i (z)
K−i (z)Fj(w) = θ−〈hi,αj〉(q
1
2
cκmij
z
w
)Fj(w)K
−
i (z)
[Ei(z), Fj(w)] = δi,j
1
q − q−1
{δ(qc
w
z
)K+i (q
1
2
cw)− δ(qc
z
w
)K−i (q
1
2
cz)}
(A.1.10)
(κmijz − q〈hi,αj〉w)Ei(z)Ej(w) = (q
〈hi,αj〉κmijz − w)Ej(w)Ei(z)
(A.1.11)
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(κmijz − q−〈hi,αj〉w)Fi(z)Fj(w) = (q
−〈hi,αj〉κmijz − w)Fj(w)Fi(z)
∑
σ∈Sm
m∑
r=0
(−1)r
[
m
r
]
q
Ei(zσ(1)) · · ·Ei(zσ(r))Ej(w)Ei(zσ(r+1)) · · ·Ei(zσ(m)) = 0
(A.1.12)
∑
σ∈Sm
m∑
r=0
(−1)r
[
m
r
]
q
Fi(zσ(1)) · · ·Fi(zσ(r))Fj(w)Fi(zσ(r+1)) · · ·Fi(zσ(m))
where i 6= j and m = 1− 〈hi, αj〉.
In these formulas we denote θm(z) =
zqm−1
z−qm
for m ∈ Z, δ(z) =∑
k∈Z z
k.
If Proposition 3.4.2 holds, then, from Lemma 3.2.1 and 3.4.1, we have
Proposition 3.2.2 by putting hi 7→ hi, αi 7→ αi, κ 7→ 1 and z
Hi,0 7→ z∂i.
Therefore it is enough to show Proposition 3.4.2.
The relations (A.1.1), (A.1.2) and (A.1.3) are trivial. (A.1.4) is just
the commutation relations of Heisenberg algebra Sn. Therefore, by the
definition of V (p)n, it is clear that (A.1.4) holds. The relations (A.1.5),
(A.1.6) immediately follows from the definition of d1 and d2.
Let us show (A.1.7) and (A.1.8). Take v ⊗ eβeΛp ∈ V (p)n where
β =
∑n
k=0mkαk ∈ Q. Then we have
qd1e±αjz±Hj,0+1q−d1(v ⊗ eβeΛp)
= q∓(αj |β+Λp)−1z±〈hj ,β+Λp〉+1κ
1
2
∑n
k=0
〈hj ,mkαk〉mjkv ⊗ e±αjeβeΛp
= (q−1z)±〈hj ,β+Λp〉+1κ
1
2
∑n
k=0
〈hj ,mkαk〉mjkv ⊗ e±αjeβeΛp
= e±αj (q−1z)±Hj,0+1(v ⊗ eβeΛp).
Therefore we have
qd1Ej(z)q
−d1 = qd1 exp(
∑
k≥1
Hj,−k
[k]
q−
1
2
kzk) exp(−
∑
k≥1
Hj,k
[k]
q−
1
2
kz−k)eαjzHj,0+1q−d1
= exp(
∑
k≥1
Hj,−k
[k]
q−
1
2
k(q−1z)k) exp(−
∑
k≥1
Hj,k
[k]
q−
1
2
k(q−1z)−k)eαj (q−1z)Hj,0+1
= Ej(q
−1z).
Similarly we have qd1Fj(z)q
−d1 = Fj(q
−1z) .
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It is clear that
qd2e±αjz±Hj,0+1q−d2(v ⊗ eβeΛp) = q±δj0e±αjz±Hj,0+1(v ⊗ eβeΛp).
(A.1.13)
From (A.1.13) and the fact that qd2 commutes with Hj,k, we have
(A.1.8).
We shall show (A.1.9). We denote
E+i (z) = exp(
∑
k≥1
Hi,−k
[k]
q−
1
2
kzk),
E−i (z) = exp(−
∑
k≥1
Hi,k
[k]
q−
1
2
kz−k),
F+i (z) = exp(−
∑
k≥1
Hi,−k
[k]
q
1
2
kzk),
F−i (z) = exp(
∑
k≥1
Hi,k
[k]
q
1
2
kw−k).
Let us proof
K+i (z)Ej(w) = θ−〈hi,αj〉(q
− 1
2κm−ij
w
z
)Ej(w)K
+
i (z)
We have
[(q − q−1)
∑
k≥1
Hi.kz
−k,
∑
l≥1
Hj.−l
[l]
q−
1
2
lwl] =
∑
k,l
(q − q−1)
1
[l]
[Hi.k, Hj.−l]z
−kq−
1
2
lwl
=
∑
k
(q − q−1)
[k〈hi, αj〉]
k
κ−kmijq−
1
2
k(
w
z
)k
=
∑
k
1
k
(qk(〈hi,αj〉−
1
2
) − qk(−〈hi,αj〉−
1
2
))κ−kmij (
w
z
)k
= log
1− q−〈hi,αj〉−
1
2κ−mij w
z
1− q〈hi,αj〉−
1
2κ−mij w
z
and
[(q − q−1)
∑
k≥1
Hi.kz
−k,−
∑
l≥1
Hj.l
[l]
q−
1
2
lw−l] = 0.
We recall Campbell-Hausdorff formula: let A and B be noncommuta-
tive operators and C = [A,B]. If [C,A] = [C,B] = 0 then we have
eAeB = eCeBeA.
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By Campbell-Hausdorff formula we get
exp((q − q−1)
∑
k≥1
Hi.kz
−k)E+j (w)E
−
j (w)
=
1− q−〈hi,αj〉−
1
2κ−mij w
z
1− q〈hi,αj〉−
1
2κ−mij w
z
E+j (w)E
−
j (w) exp((q − q
−1)
∑
k≥1
Hi.kz
−k).
On the other hand, by Lemma 3.4.1 we have
q∂αieαjwHj,0 = q〈hi,αj〉eαjwHj,0q∂αi .
Thus we get
K+i (z)Ej(w)
= exp((q − q−1)
∑
k≥1
Hi.kz
−k)E+j (w)E
−
j (w)q
∂αieαjwHj,0+1
=
1− q−〈hi,αj〉−
1
2κ−mij w
z
q−〈hi,αj〉 − q−
1
2κ−mij w
z
Ej(w)K
+
i (z)
= θ−〈hi,αj〉(q
− 1
2κ−mij
w
z
)Ej(w)K
+
i (z).
The other formulas in (A.1.9) can be checked by similar arguments.
Let us show (A.1.10). We have
[−
∑
k≥1
Hi,k
[k]
q−
1
2
kz−k,−
∑
k≥1
Hj,−k
[k]
q
1
2
kwk]
=
∑
k≥1
1
k[k]
[k〈hi, αj〉]κ
−mij (
w
z
)k
=

log 1
(1−qw
z
)(1−q−1 w
z
)
, 〈hi, αj〉 = 2 (i = j),
log(1− κ−mij w
z
), 〈hi, αj〉 = −1,
0, 〈hi, αj〉 = 0.
For example we will show in the case of 〈hi, αj〉 = −1. By Campbell-
Hausdorff formula we get
E±i (z)F
±
j (w) = F
±
j (w)E
±
i (z)
and
E−i (z)F
+
j (w) = (1− κ
−mij
w
z
)F+j (w)E
−
i (z).
On the other hand, by Lemma 3.4.1, we have
zHi,0e−αj = zκ
1
2
mije−αjzHi,0 .
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Therefore we get
Ei(z)Fj(w) = E
+
i (z)E
−
i (z)e
αizHi,0+1F+j (w)F
−
j (w)e
−αjw−Hj,0+1
= (zκ
1
2
mij − wκ−
1
2
mij )E+i (z)F
+
j (w)E
−
i (z)F
−
j (w)
× eαie−αjzHi,0+1w−Hj,0+1.
By a similar argument we have
Fj(w)Ei(z) = −(wκ
− 1
2
mij − zκ
1
2
mij )E+i (z)F
+
j (w)E
−
i (z)F
−
j (w)
× eαie−αjzHi,0+1w−Hj,0+1.
Therefore we get
[Ei(z), Fj(w)] = 0.
Similarly one can check the other formulas.
We will show (A.1.11). We have
[−
∑
k≥1
Hi,k
[k]
q−
1
2
kz−k,
∑
k≥1
Hj,−k
[k]
q−
1
2
kwk]
=
∑
k≥1
1
k[k]
[k〈hi, αj〉]κ
−mij (
w
z
)k
=

log(1− w
z
)(1− q−2w
z
), i = j,
log 1
1−q−1κ−mij w
z
, 〈hi, αj〉 = −1,
0, 〈hi, αj〉 = 0.
For example let us show in the case of 〈hi, αj〉 = −1. If 〈hi, αj〉 6= −1
one can show the formula by a similar argument. By Lemma 3.4.1 we
get
(zκmij − q〈hi,αj〉w)Ei(z)Ej(w)
= (zκmij − q−1w)E+i (z)E
−
i (z)e
αizHi,0+1E+j (w)E
−
j (w)e
αjwHj,0+1
=
zκmij − q−1w
zκ
1
2
mij (1− q−1κ−mij w
z
)
E+i (z)E
+
j (w)E
−
i (z)E
−
j (w)
× eαieαjzHi,0+1wHj,0+1
= κ
1
2
mijE+i (z)E
+
j (w)E
−
i (z)E
−
j (w)e
αieαjzHi,0+1wHj,0+1.
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On the other hand we have
(q〈hi,αj〉κmijz − w)Ej(w)Ei(z)
=
q−1κmijz − w
wκ−
1
2
mij (1− q−1κmij z
w
)
E+j (w)E
+
i (z)E
−
j (w)E
−
i (z)
× eαjeαiwHj,0+1zHi,0+1
= κ
1
2
mijE+i (z)E
+
j (w)E
−
i (z)E
−
j (w)e
αieαjzHi,0+1wHj,0+1.
Thus we have (zκmij−q〈hi,αj〉w)Ei(z)Ej(w) = (q
〈hi,αj〉κmijz−w)Ej(w)Ei(z).
The formula (zκmij−q−〈hi,αj〉w)Fi(z)Fj(w) = (q
−〈hi,αj〉κmijz−w)Fj(w)Fi(z)
is proved similarly.
Let us prove (A.1.12). Assume that 〈hi, αj〉 = −1. This is the most
complicated case. The other cases can be proved similarly.
We have the following formulas:
Ei(z1)Ei(z2)Ej(w)
=
(z1 − z2)(z1 − q
−2z2)κ
−mij
z1z2(1−
q−1κ−mijw
z1
)(1− q
−1κ−mijw
z2
)
E+i (z1)E
+
i (z2)E
+
j (w)E
−
i (z1)E
−
i (z2)E
−
j (w)
× e2αieαjz
Hi,0+1
1 z
Hi,0+1
2 w
Hj,0+1,
Ei(z1)Ej(w)Ei(z2)
=
(z1 − z2)(z1 − q
−2z2)
z1w(1−
q−1κ−mijw
z1
)(1− q
−1κmij z2
w
)
E+i (z1)E
+
i (z2)E
+
j (w)E
−
i (z1)E
−
i (z2)E
−
j (w)
× e2αieαjz
Hi,0+1
1 z
Hi,0+1
2 w
Hj,0+1,
Ej(w)Ei(z1)Ei(z2)
=
(z1 − z2)(z1 − q
−2z2)κ
mij
w2(1− q
−1κmij z1
w
)(1− q
−1κmij z2
w
)
E+i (z1)E
+
i (z2)E
+
j (w)E
−
i (z1)E
−
i (z2)E
−
j (w)
× e2αieαjz
Hi,0+1
1 z
Hi,0+1
2 w
Hj,0+1.
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Therefore it is enough to show that∑
σ∈S2
(zσ(1) − zσ(2))(zσ(1) − q
−2zσ(2))
× {
κ−mij
zσ(1)zσ(2)(1−
q−1κ−mijw
zσ(1)
)(1− q
−1κ−mijw
zσ(2)
)
−
q + q−1
zσ(1)w(1−
q−1κ−mijw
zσ(1)
)(1−
q−1κmij zσ(2)
w
)
+
κmij
w2(1−
q−1κmij zσ(1)
w
)(1−
q−1κmij zσ(2)
w
)
}
= 0.
(A.1.14)
This identity is proved by a direct calculation.
Thus the proposition is proved.
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